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Which de Branges-Rovnyak spaces have complete
Nevanlinna-Pick property?
Cheng Chu
Abstract. We characterize the de Branges-Rovnyak spaces with complete
Nevanlinna-Pick property. Our method relies on the general theory of repro-
ducing kernel Hilbert spaces.
1. Introduction
Let X ⊂ Cd. We say a function K : X × X → C is a positive kernel on X
(written as K  0) if it is self-adjoint (K(x, y) = K(y, x)), and for all finite sets
{λ1, λ2, . . . , λn} ⊂ X , the matrix (K(λi, λj))ni,j=1 is positive semi-definite, i.e., for
all complex numbers α1, α2, . . . , αn,
n∑
i,j=1
αiα¯jK(λi, λj) > 0.
A reproducing kernel Hilbert spaceH on X is a Hilbert space of complex valued
functions on X such that every point evaluation is a continuous linear functional.
Thus for every w ∈ X , there exists an element Kw ∈ H such that for each f ∈ H,
〈f,Kw〉H = f(w).
Since Kw(z) = 〈Kw,Kz〉H, K can be regarded as a function on X×X and we write
K(z, w) = Kw(z). Such K is a positive kernel and the Hilbert space H with repro-
ducing kernelK is denoted byH(K). There is a one-to-one correspondence between
reproducing kernel Hilbert spaces and positive kernels (see e.g. [6, Theorem 2.23]).
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Definition 1.1. Let K : X × X → C be a positive kernel and K(x, y) never
vanishes. We call K a complete Nevanlinna-Pick kernel if for some α ∈ X ,
(1.1) 1− K(z, α)K(α,w)
K(α, α)K(x, y)
 0.
In fact, if (1.1) holds for some α, then it must hold for all α ∈ X [14, Theorem
3.1]. We say H(K) has complete Nevanlinna-Pick property if K is a complete
Nevanlinna-Pick kernel.
Complete Nevanlinna-Pick kernels are related to Nevanlinna-Pick interpolation
problem. The problem is to determine, given a finite set {x1, ..., xn} ⊂ X , and
complex numbers λ1, ..., λn, whether there exists a multiplier f in
Mult(H(K)) = {ϕ : X → C|f ∈ H(K)⇒ ϕf ∈ H(K)}
of multiplier norm at most one that interpolates the data, i.e. satisfies f(xi) = λi,
for i = 1, ..., n. A necessary condition to solve the Nevanlinna-Pick problem is that
the n× n matrix
((1− λ¯iλj)K(xi, xj))i,j
is positive semi-definite. A kernel K is called a Pick kernel (or has pick property) if
this necessary condition is also sufficient. Similarly one can do matrix interpolation.
Given s×t matricesW1, ...,Wn, a necessary condition to solve the s×t Nevanlinna-
Pick problem: f(xi) =Wi, i = 1, ..., n is that the matrix
((I −W ∗i Wj)K(xi, xj))i,j
is positive semi-definite. If this condition is also sufficient, then we say K has s× t-
Pick property. A kernel is a complete Nevanlinna-Pick kernel if and only if it has
s× t-Pick property for all s, t [5].
An important example of a complete Nevanlinna-Pick kernel is the Szego˝ kernel
kS(z, w) =
1
1− w¯z .
It is the reproducing kernel of H2, the Hardy space on the unit disk. Many proper-
ties of the Hardy space carry over to other spaces with complete Nevanlinna-Pick
property, see [1], [2], [3] for exmaples.
A natural question is to decide which reproducing kernel Hilbert spaces have
complete Nevanlinna-Pick property. The following are known examples of Hilbert
spaces with complete Nevanlinna-Pick property. Let D and T be the open unit disk
and unit circle, respectively, in the complex plain.
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(1) Drury-Arverson spaces: Let Bd be the closed unit ball in C
d. The Drury-
Arverson space H2d is the space of analytic functions on Bd with repro-
ducing kernel
kd(z, w) =
1
1− 〈z, w〉Cd
.
(2) Weighted Hardy spaces [17]: Let w = (w1, ..., wn, ..) be a sequence of
complex numbers such that w2n > wn−1wn+1, for all n > 2. Define a
space of holomorphic functions H2w on D by the norm
||f ||2H2
w
=
∞∑
n=0
|fˆ(n)|2wn.
In particular it contains the Hardy space H2 and the Dirichlet space D.
(3) Weighted Dirichlet spaces [20]: Let µ be a finite positive measure on D.
Let
Uµ(w) =
∫
T
1− |w|2
|w − z| dµ(z) +
∫
D
log
∣∣∣1− w¯z
w − z
∣∣∣2 dµ(z)
1− |z|2 .
The weighted Dirichlet space D(µ) [18], [7] is defined to be those holo-
morphic functions on D with norm
||f ||2
D(µ) = ||f ||2H2 +
∫
D
|f ′(w)|2Uµ(w)dA(w).
(4) Weighted Sobolev spaces [17]: Let wo and w1 be real, strictly positive,
continuous functions on [0, 1] and let w1 ∈ C1. The weighted Sobolev
space W 21 (w0, w1) is the space of absolutely continuous functions on [0, 1]
with finite norm
||f ||2W 2
1
(w0,w1)
=
∫ 1
0
|f(x)|2w0(x)dx +
∫ 1
0
|f ′(x)|2w1(x)dx.
(5) Weighted Besov spaces: For s ∈ R, the weighted Besov space on the unit
ball Bd of C
d is defined by
Bsw = {f ∈ Hol(Bd) :
∫
Bd
|Rsf |2wdV <∞},
where R =
∑d
i=1 z
i ∂
∂zi
. If a weight w satisfies that for some α > −1 the
ratio w(z)/(1− |z|2)α is nondecreasing for 0 6 r0 < |z| < 1, then Bsw has
complete Nevanlinna-Pick property whenever s > (α+ d)/2 [4].
In this paper, we show another class of spaces having complete Nevanlinna-
Pick property. Those spaces are called de Branges-Rovnyak spaces, introduced
by de Branges and Rovnyak in [10]. The initial motivation of introducing de
Branges-Rovnyak spaces was to provide canonical model spaces for certain types
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of contractions on Hilbert spaces, which played a fundamental role in de Branges’s
proof of the famous Bieberbach conjecture [9]: If f(z) = 1+
∞∑
n=2
anz
n is a univalent
analytic function on D, then |an| 6 n, for every n > 2. Subsequently it was realized
that these spaces have numerous connections with other topics in complex analysis
and operator theory, in particular through Toeplitz operators [19]. A recent two-
volume monograph [11], [12] presents most of the main developments in this area.
The main result is the following characterization of the de Branges-Rovnyak spaces
with complete Nevanlinna-Pick property.
Theorem 1.1. Let b be a nonconstant function in H∞1 . Then the de Branges-
Rovnyak space H(b) has complete Nevanlinna-Pick property if and only if there
exists a holomorphic function h on D such that
|h(z)| >
∣∣∣ z − b(0)
1− b(0)z
∣∣∣ and h(b(z)) = z (∀z ∈ D).
In Section 2, we introduce the definition of de Branges-Rovnyak spaces along
with basic properties. In Section 3, we present the theory of general reproducing
kernels, which played an center role in the proof of the main result. We prove
Theorem 1.1 in Section 4 and discuss some examples in Section 5.
2. Preliminaries on de Brange-Rovnyak spaces
Let A be a bounded operator on a Hilbert space H . We define the range space
AH , and endow it with the inner product
(2.1) 〈Af,Ag〉AH = 〈f, g〉H , f, g ∈ H ⊖KerA.
The space AH has a Hilbert space structure that makes A a partial isometry on
H . In particular, if A is injective, then
||Af ||AH = ||f ||H .
We can view H2 as a closed subspace of L2(T) of functions whose negative
Fourier coefficients vanish. The Toeplitz operator on the Hardy space H2 with
symbol f in L∞(T) is defined by
Tf (h) = P (fh),
for h ∈ H2. Here P is the orthogonal projection from L2(T) to H2.
Definition 2.1. Let b be a function in H∞1 , the closed unit ball of H
∞. The
de Branges-Rovnyak space H(b) is defined to be the range space
H(b) := (I − TbTb¯)1/2H2.
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There are two special cases for H(b) spaces. If ||b||∞ < 1, then H(b) is just a
re-normed version of H2. If b is an inner function, then
H(b) = H2 ⊖ bH2
is a closed subspace of H2, the so-called model space (see [13] for a brief survey).
The theory of H(b) spaces is pervaded by a fundamental dichotomy, when b
is an extreme point of H∞1 and when it is not. The nonextreme case includes
||b||∞ < 1 and the extreme case includes b is an inner function. The following
theorem is shown in [19, Chapter IV, V].
Theorem 2.1. Let b ∈ H∞1 . The following are equivalent:
(1) H(b) contains all the polynomials.
(2) b is not an extreme point of the unit ball of H∞1 .
(3) log(1− |b|2) ∈ L1(T).
If b is a constant, then H(b) is a rescaling of H2 and has complete Nevanlinna-
Pick property. Some nontrivial examples are known. The following theorem shows
that certain nonextreme H(b) spaces are equal to a weighted Dirichlet space, which
has complete Nevanlinna-Pick property.
Theorem 2.2. [15, Theorem 3.1] Let
b(z) =
√
ταλ¯z
1− τλ¯z ,
where λ ∈ T, α ∈ C, τ ∈ (0, 1] and τ + 1/τ = 2 + |α|2. Then H(b) coincides with a
weighted Dirichlet space D(µ)
We will show in Section 5 that extreme H(b) spaces may also have complete
Nevanlinna-Pick property.
3. Reproducing kernel Hilbert spaces
In this section, we present some basic theory of reproducing kernel Hilbert
spaces. For more information about reproducing kernels and their associated
Hilbert spaces, see [8], [16].
The space H(b) has reproducing kernel [19, II-3]
(3.1) kb(z, w) =
1− b(w)b(z)
1− w¯z .
In general, let A be a bounded linear operator on H(K). The range space AH(K),
defined in (2.1), is also a reproducing kernel Hilbert space with kernel function
K
AH(K)
w = AA∗Kw.
6 CHU
For two positive kernels K1,K2, we write
K1  K2
to mean that
K2 −K1  0.
Theorem 3.1. [16, Theorem 5.1] Let H(K1) and H(K2) be reproducing kernel
Hilbert spaces on X. Then
H(K1) ⊂ H(K2)
if and only if there is some constant δ > 0 such that
K1  δ2K2.
Moreover, ||f ||H(K2) 6 δ||f ||H(K1), for all f ∈ H(K1).
It is easy to check the sum of two positive kernels is still a positive kernel, and
the corresponding reproducing kernel Hilbert space is described below.
Theorem 3.2. [16, Section 5.2] Let H(K1) and H(K2) be reproducing kernel
Hilbert spaces on X and let K = K1 +K2. Then
H(K) = {f = f1 + f2 : f1 ∈ H(K1), f2 ∈ H(K2)}.
For every f ∈ H(K),
||f ||2
H(K) = min{||f1||2H(K1) + ||f2||2H(K2) : f = f1 + f2 : f1 ∈ H(K1), f2 ∈ H(K2)}.
Moreover, if H(K1) ∩H(K2) = {0}, then the sum is direct, i.e.
||f1 + f2||2H(K) = ||f1||2H(K1) + ||f2||2H(K2).
Let ϕ : X → S be a function. For a positive kernel K : X ×X → C, we write
K ◦ ϕ to be the function given by (K ◦ ϕ)(z, w) = K(ϕ(z), ϕ(w)). Then K ◦ ϕ is
also a positive kernel and we have the following pull-back theorem.
Theorem 3.3. [16, Theorem 5.7] Let ϕ : S → X be a function and let K :
X ×X → C be a positive kernel. Then
H(K ◦ ϕ) = {f ◦ ϕ : f ∈ H(K)}.
And for u ∈ H(K ◦ ϕ),
||u||H(K◦ϕ) = min{||f ||H(K) : u = f ◦ ϕ}.
We shall also use ϕ∗(H(K)) to denote H(K ◦ ϕ).
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Remark 3.1. If H(K) is a space of analytic functions and ϕ is an analytic
map, then we simply have
||f ◦ ϕ||H(K◦ϕ) = ||f ||H(k).
4. Proof of Theorem 1.1
For convenience, we restate Theorem 1.1 here.
Theorem 1.1. Let b be a nonconstant function in H∞1 . Then the de Branges-
Rovnyak space H(b) has complete Nevanlinna-Pick property if and only if there
exists a holomorphic function h on D such that
(4.1) |h(z)| >
∣∣∣ z − b(0)
1− b(0)z
∣∣∣ and h(b(z)) = z (∀z ∈ D).
Proof. Let kb(z, w) be the reproducing kernel of H(b) given in (3.1). By
definition, H(b) has complete Nevanlinna-Pick property if and only if
(4.2) 1− k
b(z, 0)kb(0, w)
kb(0, 0)kb(z, w)
 0.
Let b(0) = a (|a| < 1) and let
F (z) = kb(z, 0) = 1− a¯b(z).
Then (4.2) simplifies to
F (0)− F (w)F (z)(1− w¯z)
1− b(w)b(z)  0.
Expanding and rearranging, we see that it is equivalent to
(4.3)
F (w)F (z)
1− b(w)b(z) 
wF (w)zF (z)
1− b(w)b(z) + F (0).
Note that both sides of (4.3) are positive kernels. Let
K1(z, w) =
F (w)F (z)
1− b(w)b(z) =
(1− a¯b(w))(1 − a¯b(z))
1− b(w)b(z) ,
K2(z, w) =
wF (w)zF (z)
1− b(w)b(z) = w¯z
(1− a¯b(w))(1− a¯b(z))
1− b(w)b(z) ,
and
K0(z, w) = F (0) = 1− |a|2.
By Theorem 3.1 and (4.3), H(b) has complete Nevanlinna-Pick property if and only
if H(K1) is contractively contained in H(K2 +K0).
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Next we identify the corresponding reproducing kernel Hilbert spaces. Clearly,
H(K0) consists of constant functions fc = c, and
||fc||H(K0) =
|c|√
1− |a|2 .
Notice that the range space T1−a¯zH
2 has reproducing kernel
T1−a¯zT
∗
1−a¯zk
S
w =
(1− a¯w)(1− a¯z)
1− w¯z .
By Theorem 3.3,
H(K1) = b∗(T1−a¯zH2) = {(1− a¯b(z))f(b(z)) : f ∈ H2}.
For |a| < 1, T1−a¯z is injective. Thus by Remark 3.1, we have
||(1 − a¯b(z))f(b(z))||H(K1) = ||(1− a¯z)f(z)||T1−a¯zH2 = ||f ||H2 .
On the other hand, H(K2) is the range space
TzH(K1) = {z(1− a¯b(z))g(b(z)) : g ∈ H2},
with norm (here Tz is also injective)
||z(1− a¯b(z))g(b(z))||H(K2) = ||(1− a¯b(z))g(b(z))||H(K1) = ||g||H2 .
It is also clear that H(K2) ∩ H(K0) = {0}, thus the sum on the righthand side of
(4.3) is direct. Therefore, by Theorem 3.1, 3.2, equation (4.3) is equivalent to the
following statement: For every f ∈ H2, there exists g ∈ H2 such that
(4.4) (1− a¯b(z))f(b(z)) = z(1− a¯b(z))g(b(z)) + f(a)(1− |a|2),
and
(4.5) ||g||2H2 + (1− |a|2)|f(a)|2 6 ||f ||2H2 .
In particular, taking f = 1, there exists g0 ∈ H2 such that
(4.6) 1− a¯b(z) = z(1− a¯b(z))g0(b(z)) + (1− |a|2).
We claim that b has to be injective. Indeed, if b(z1) = b(z2) for some pair
z1 6= z2, then the condition (4.6) forces g0 to vanish at b(z1). But if b(z1) = b(z2),
then for each z˜1 near to z1, there exists z˜2 near to z2 such that b(z˜1) = b(z˜2), and
so g0 has to vanish at all points near to b(z1). This forces g0 ≡ 0, which in turn
implies b is a constant.
Since b is injective, define h = b−1 : b(D)→ D, which means h(b(z)) = z for all
z ∈ D. Then (4.4) imples
(4.7) g(z) =
1
h(z)
(
f(z)− f(a)(1− |a|
2)
1− a¯z
)
,
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for all z ∈ b(D). Thus h extends to a holomorphic function on D by (4.7).
Now (4.5) implies
(4.8)
∣∣∣
∣∣∣ 1
h(z)
(
f(z)− f(a)(1− |a|
2)
1− a¯z
)∣∣∣
∣∣∣2
H2
6 ||f ||2H2 − (1− |a|2)|f(a)|2,
for every f ∈ H2. Notice that
f(z)− f(a)(1− |a|
2)
1− a¯z = f(z)− f(a)(1− |a|
2)kSa (z)
is precisely the projection of f onto the subspace
{kSa }⊥ = {f ∈ H2 : f(a) = 0}.
Also we have∣∣∣
∣∣∣f(z)− f(a)(1− |a|2)
1− a¯z
∣∣∣
∣∣∣2
H2
=||f ||2H2 + ||f(a)(1 − |a|2)kSa ||2H2 − 2Re 〈f, f(a)(1 − |a|2)kSa 〉H2
=||f ||2H2 + |f(a)|2(1− |a|2)− 2f(a)(1 − |a|2)f(a)
=||f ||2H2 − (1− |a|2)|f(a)|2,
which is exactly the righthand side of (4.8). Therefore, (4.8) shows that
(4.9)
∣∣∣
∣∣∣ u
h(z)
∣∣∣
∣∣∣
H2
6 ||u||H2 ,
for every u ∈ {kSa }⊥. Since the functions in {kSa }⊥ are those of the form
z − a
1− a¯z · u1(z), u1 ∈ H
2,
and ∣∣∣ z − a
1− a¯z · u1(z)
∣∣∣ = |u1(z)| a.e. on T,
we see that
1
h(z)
· z − a
1− a¯z
is a contractive multiplier of H2. Thus∣∣∣
∣∣∣ 1
h(z)
· z − a
1− a¯z
∣∣∣
∣∣∣
∞
6 1,
which gives
|h(z)| >
∣∣∣ z − b(0)
1− b(0)z
∣∣∣, ∀z ∈ D.
This proves the “only if” part of the theorem, and the “if” part follows just by
working backwards.

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5. Examples
Theorem 1.1 shows that, a necessary condition for H(b) to have complete
Nevanlinna-Pick property is that b be injective on D. However, the following ex-
ample shows this is not sufficient.
Example 5.1. Let P be a polygon whose closure is a subset of D and which
has a vertex v at which two sides make an angle that is an irrational multiple of pi.
Let b be a conformal map of D onto P with b(0) = 0. Then obviously b is injective.
However, there can exist no function h satisfying (4.1) because h would have to be
holomorphic at v, and the irrationality condition on the angle of P at v renders
this impossible.
We have some explicit examples of nonextreme H(b) spaces with complete
Nevanlinna-Pick property.
Example 5.2. Let b ∈ H∞1 . If b has the form
z +A
B
, (B 6= 0) or Az
z +B
, (|A| > 1, B 6= 0),
where A,B are constants, then H(b) has complete Nevanlinna-Pick property.
Proof. We will verify (4.1) in both cases.
(1) Let
b(z) =
z +A
B
.
Then b(0) = AB , and ||b||∞ 6 1 implies that |A| + 1 6 |B|. Taking
h(z) = Bz −A, then h(b(z)) = z. For z ∈ D,
∣∣∣ z − b(0)
1− b(0)z
∣∣∣ = |Bz −A||Bz¯ −A| 6
|Bz −A|
|B| − |A| 6 |h(z)|.
(2) Let
b(z) =
Az
z +B
.
Then b(0) = 0, and ||b||∞ 6 1 implies that |A| 6 |B| − 1. Taking h(z) =
Bz
A−z , then h is holomorphic on D with h(b(z)) = z. For z ∈ D,
|h(z)| = |B||A− z| |z| >
|B|
|A|+ 1 |z| > |z|.

Suppose b is an inner function and the model space H(b) has complete Nevan-
linna -Pick property. Then Theorem 1.1 shows that b is injective, and thus it has
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to be a disk automorphism. We can take h = b−1 and it satisfies (4.1). Therefore
we proved
Theorem 5.1. The only model spaces with complete Nevanlinna-Pick property
are one dimensional model spaces.
However, we can show that there are lots of de Branges-Rovnyak spaces (in-
cluding extreme cases) with complete Nevanlinna-Pick property.
Theorem 5.2. Let Ω be a simply connected domain such that D ⊂ Ω 6= C.
Let φ : Ω → D be the Riemann map, and let b = φ|D. Then H(b) has complete
Nevanlinna-Pick property.
Proof. Define h : D→ Ω by h = φ−1. Clearly h(b(z)) = z for all z ∈ D. Also,
by the maximum modulus principle applied to
φ(z)− φ(0)
z(1− φ(0)φ(z)) ,
we have ∣∣∣ φ(z)− φ(0)
1− φ(0)φ(z)
∣∣∣ 6 |z|, for all z ∈ Ω,
which translate to
|h(z)| >
∣∣∣ z − b(0)
1− b(0)z
∣∣∣, for all z ∈ D.
The result now follows from Theorem 1.1. 
Remark 5.1. Taking Ω to be a domain that contains an arc of the unit cir-
cle as part of its boundary, the corresponding function b will have (radial limits
with) modulus 1 on an arc, and so it will certainly be an extremal function. This
shows that extreme functions can give H(b) spaces with complete Nevanlinna-Pick
property.
The condition in Theorem 5.2 is sufficient forH(b) to have complete Nevanlinna-
Pick property, but it is not necessary.
Example 5.3. Let D = {x + iy : |x| < 1, |y| < 3pi/2}, let ψ be a conformal
map of D onto D with ψ(0) = 0, and let
h(z) = Ceψ(z)−1,
where C is a constant. Note that h is not injective. However, if C is chosen
large enough, then |h(z)| > |z| for all z ∈ D, and it maps a neighborhood N
of 0 conformally onto D. Thus, if b = (h|N )−1, then by Theorem 1.1, H(b) has
complete Nevanlinna-Pick property. On the other hand, b does not arise in the
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manner predicated by Theorem 5.2 because if φ existed, then φ would have to
equal h, and h is not injective on D.
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